Total spin eigenstates can be used to intrinsically encode a direction, which can later be decoded by means of a quantum measurement. We study the optimal strategy that can be adopted if, as is likely in practical applications, only product states of N spins are available. We obtain the asymptotic behavior of the average fidelity, which provides a proof that the optimal states must be entangled. We also give a prescription for constructing finite measurements for general encoding eigenstates. Quantum mechanics is rapidly broadening our knowledge of the ways information can be stored, transmitted, and retrieved. Here we address the concrete issue of communicating information of a direction using quantum states, which has attracted much attention ͓1-8͔. Consider two parties, Alice and Bob, and imagine that Bob is lost in space and Alice wants to tell him the direction home. If communication by standard means is difficult, she can encode the direction in a quantum system and physically send it to Bob. Alice's quantum state must intrinsically point along the direction, given by the unit vector n ជ . If we assume that her system is made out of N spins, then it must be an eigenstate of n ជ
to be the only ones that can be used in real devices ͑although they are expected not to be optimal͒. There are then two obvious questions one would like to answer. First, among these states, what are the best for encoding a direction? And, second, is there a quadratic improvement in the rate the MAF approaches to one? We will answer these questions in this paper. We show that the optimal product states are those with the smallest ͉m͉, where m is the eigenvalue of n ជ
•S ជ , and that the corresponding MAF for large N is Fϳ1Ϫ1/(2N). This result proves our implicit assumption that the truly optimal states are entangled for NϾ2. Although product states do not exhibit the quadratic behavior in 1/N of the truly optimal ones, we see that they are still much better than the N parallel spin states for communicating a spin direction.
To compute the MAF of an optimal measurement, it is useful to consider a positive operator valued measurement ͑POVM͒ with infinitely many outcomes or continuous POVM ͓10͔. We show, however, that one can always construct optimal POVM's with a finite number of outcomes. This is an important point since these are the only measurements that can be physically implemented. For parallel encodings, there are explicit realizations of optimal finite POVM's for arbitrary N ͓2͔, and minimal versions of these for Nр7 can be found in Ref. ͓3͔ . The outcomes of these POVM's are associated with unit vectors n ជ r ͑directions͒ that we can picture as the vertices of certain polyhedra inscribed in the unit sphere. In this paper we prove that the very same polyhedra define optimal measurements for very general encoding states and that the minimal polyhedra of Ref. ͓3͔ remain minimal for these general states.
Alice's states can be obtained by rotating a fixed eigenstate of S z ϭz ជ
•S ជ that we denote by ͉A͘. In terms of the individual spins it is just of the form ͉↑↓↓↑•••͘. It is convenient to write all quantum states in terms of the irreducible representations of SU(2), thus
͑1͒
where the first two labels are the usual quantum numbers of the total spin S ជ 2 and its third component S z , i.e., S ជ 2 ͉ j,m;␣͘ϭ j( jϩ1) ͉ j,m;␣͘ and S z ͉ j,m;␣͘ϭm͉ j,m 
We obtain the following MAF:
where ͓8͔ j ϭm 2 / j( jϩ1) and j ϭ j( j 2 Ϫm 2 )/ͱ4 j 2 Ϫ1. We have written equal quantum numbers m for ͉A͘ and ͉B͘. Note that if m B Ͼm A , O(n ជ ) would not be a complete set of projectors on the whole Hilbert space spanned by U(n ជ )͉A͘; conversely, if m B Ͻm A , Alice's states do not use the full capabilities of Bob's measuring device and the strategy cannot be optimal.
The maximal fidelity in Eq. ͑4͒ is attained for the minimal value of ͉m͉ ͑this is mϭ0 for N even and mϭ1/2 for N odd͒, i.e., for maximal antiparallel spins. In Table I we collect the values of the MAF for up to Nϭ7 and we compare them with the MAF's of parallel (F P ) ͓1͔ and optimal (F O ) ͓8͔ encodings. Note that antiparallel product states lead to MAF's (F A ) remarkably close to the optimal ones. Moreover, one can easily prove that antiparallel spins are better than parallel ones for encoding a direction. We now show this for an even number of spins, Nϭ2n, and mϭ0, in which case the MAF takes the simple form
Setting jϭ0 inside the square root, we obtain
We would next like to study the large N asymptotic behavior of F A to see whether it exhibits the quadratic behavior of the optimal states 1ϪF O ϳ1/N 2 . We just have to compute Eq. ͑5͒ for large n. Notice first that, using the Stirling approximation, we have the following limit:
Therefore, only terms with jϳͱn give a significant contribution to the sum in Eq. ͑5͒. Hence, it is legitimate to expand the square root in Eq. ͑5͒ in powers of j. The resulting expression can be evaluated by means of the Euler-Maclaurin formula ͓11͔
where in our case f ( j/n) is the product of the right-hand side of Eq. ͑7͒ times the expansion of j/ͱ(nϩ1) 2 Ϫ j 2 . Taking into account all the relevant terms, one obtains that up to order 1/n,
Therefore, antiparallel spin states lead to a MAF that approaches unity in 1/N, faster than it does for parallel spins, but only because of the smaller negative coefficient of the 1/N term (1/2 compared to 1). In this sense, both types of encodings are qualitatively similar. The quadratic behavior of truly optimal states ͑which are entangled͒ cannot be attained by any product state. It is lengthier, but straightforward, to compute the subleading term in Eq. ͑9͒. We obtain the following compact expression for the MAF:
To check that our results are not an artifact of our particular figure of merit, we have also computed the average information gain ͓12͔, Iϭ͐dn͗A͉O(n ជ )͉A͘log 2 (͗A͉O(n ជ )͉A͘), for parallel, antiparallel, and optimal states. Our results are also collected in Table I . We see that both information gain and fidelity exhibit the same pattern. Namely, optimal ͑en-tangled͒ states lead to the largest I and F, but antiparallel spins have values very close to the optimal ones and much larger than those of parallel spins.
Up to now we have dealt with continuous POVM's. They are useful mathematical tools that simplify the calculation of the MAF for any optimal measurement on an isotropic distribution of directions. The projectors O(n ជ ) satisfy the closure relation ͐ dn O(n ជ )ϭI because of the orthogonality of the nonequivalent irreducible SU(2) representations, D mm Ј ( j) , under the isotropic integration over the unit sphere. However, only POVM's with a finite number of outcomes, can be realized in nature. Unfortunately, finite POVM's are rather elusive because there is no clear and unique definition of isotropy for a finite set of directions ͑unit vectors͒ n ជ r . We provide here a functional definition, which will enable us to give a general algorithm for constructing optimal and finite POVM's. Moreover, it will become obvious that the problem of discretizing a POVM is of geometrical nature.
In the context of this paper, we say that a finite set of unit vectors n ជ r is isotropically distributed up to spin J if there exist positive weights ͕c r ͖ such that the following orthogonality relation holds for any j, jЈрJ:
͑11͒
where C J ϭ ͚ rϭ1 N(J) c r is the equivalent of the solid angle 4 in the continuous orthogonality relation
the number of elements of ͕n ជ r ͖. Here we use the shorthand (,,0) , where n ϭ(sin cos ,sin sin ,cos ), and ␣, ␤, ␥ in D mk ( j) (␣,␤,␥), are the standard Euler angles. The main difference between the continuous orthogonality relation and Eq. ͑11͒ is that the latter can only hold for j, jЈ up to a maximal value J. The larger J is, the larger the N(J) that must be chosen.
We will now show that Eq. ͑11͒ is equivalent to
where Y l m (,) are the standard spherical harmonics. Equation 12 is very appealing since one can establish a physical analogy. If we view c r as a ͑positive͒ charge at the position n ជ r , Eqs. 12 tell us that Eq. ͑11͒ is equivalent to the requirement that electrostatic multipoles of order less or equal to 2J vanish. Conditions ͑12͒ are exactly those given in Ref. ͓3͔ for minimal and optimal POVM's in the case of a signal state consisting of N parallel spins. We see here that Eqs. ͑12͒ are actually of much greater generality. To simplify the notation, it is convenient to define the quantities
for all L and M listed there. In the following, j and jЈ are required to satisfy j, jЈ рJ. The group theoretical results that will be used below are mainly borrowed from Ref. ͓13͔ . Note first that the product
͑11͒ can be written as a sum of D mϪm Ј 0 (l) * ϰz l mϪmЈ . Explicitly, Eq. ͑11͒ is equivalent to the set of linear equations
are the 3-j symbols and the sum runs over all l satisfying the triangular condition ͑in particular lр2J). By direct substitution, it is trivial to check that Eq. ͑12͒ is a solution of Eq. ͑13͒ for all relevant j, jЈ and m,mЈ. Therefore, Eqs. ͑12͒ are sufficient conditions. To prove that Eqs. ͑12͒ are also necessary, we multiply Eq. ͑13͒ by 
where it is assumed that the triangular condition is satisfied, to obtain
͑15͒
Let us consider the possible cases in this equation separately.
The variables z L M must be zero for Lϭ1,2, . . . ,2J, since the 3-j symbols are nonvanishing. The other case, i.e., Lϭ0, does not give further information about z L M , since the corresponding condition is trivially satisfied because of the properties of the 3-j symbols ͓13͔. This completes the proof of the equivalence between Eqs. ͑11͒ and ͑12͒. Finally, we would like to note that, as far as the fidelity is concerned, Alice could also simulate a continuous isotropic distribution of directions by using a finite set ͕n ជ r ͖ of isotropically distributed vectors ͑11͒ with a priori probability given by the weights ͕c r /C J ͖. The fidelity will not change provided Jу(2 jϩ1)/2, where j is the total spin of the signal state ( jϭN/2 for a system of N spins͒. For instance, if N ϭ2 and Alice uses unit vectors pointing to the vertices of an octahedron (Jϭ3/2) with equal probability 1/6, the maximal fidelities will be precisely those shown in Table I for a truly ͑continuous͒ isotropic distribution, namely, F P ϭ3/4 and F A ϭ(3ϩͱ3)/6.
In summary, product states of antiparallel spins represent an excellent balance between feasibility of construction and capability to communicate spin directions. For small number of spins, their maximal fidelity is remarkably close to the maximal value that can be possibly achieved. For large N these states lead to an average fidelity that approaches unity faster than states with parallel spins, although they do not exhibit the quadratic improvement of the optimal states. We have thus proven that the truly optimal encoding necessarily requires entanglement. We have also obtained a simple set of conditions for constructing finite measurements. These conditions work for any eigenstate of the total spin and, therefore, also hold for product states.
